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We explore non-locality of three-qubit pure symmetric states using the Clauser-Horne-Shimony-
Holt (CHSH) inequality. We show that reduced two qubit density matrices, extracted from any
arbitrary pure entangled symmetric three qubit state, do not violate the CHSH inequality and
hence, are CHSH-local. However, conditional CHSH inequalities are useful in bringing out nonlocal
features of two qubit correlations recorded by Alice and Bob, when there is a conditioning based on
the outcomes of Charlie’s measurement on his qubit.
PACS numbers: 03.65.Ud, 03.67.-a
I. INTRODUCTION
Correlations arising from local measurements made on
a system shared between distant observers are termed
nonlocal if the underlying statistics cannot be reproduced
using classical strategies–outcome determinism and lo-
cality. Such correlations in two-qubit states can be
witnessed through the violation of Bell-type inequali-
ties [1, 2]. Apart from the nonlocality of bipartite sys-
tems, there has been a growing demand for identifying
genuine multipartite nonlocality[3, 4]. Many theoretical
formulations of Bell inequalities have been proposed to
capture nonlocality exhibited by distant quantum sys-
tems in shared networks [1, 2].
Permutation symmetric multiqubit states have at-
tracted a lot of attention in the field of quantum infor-
mation processing. This is essentially due to the mathe-
matical elegance offered by them and also due to their
experimental realization [5, 6]. Entanglement proper-
ties of symmetric multiqubit states have been studied
extensively [7–11]. Moreover, nonlocality of multiqubit
states obeying exchange symmetry, have been investi-
gated in terms of experimentalist-friendly Bell inequali-
ties, involving multiqubit observables exhibiting one and
two qubit correlations only [12, 13]. Our focus here is
to carry on a detailed study on the nonlocality of pure
three-qubit symmetric states based on the variants of
the well-known Clauser-Horne-Shimony-Holt (CHSH) in-
equalities [2]. To this end, we make use of the Majorana
geometrical representation [14, 15], which offers natural
classification of pure entangled symmetric three qubit
states as those with two and three distinct points on the
Bloch sphere. We prove here that reduced two qubit den-
sity matrices, extracted from pure entangled symmetric
∗Electronic address: arss@rediffmail.com
three qubit states are all CHSH local. This prompts us
to explore conditional CHSH inequalities [3], which are
useful in bringing forth the hidden two-qubit nonlocality.
We report that the nonlocality of two-qubit correlations
in a pure symmetric three-qubit state can be activated
in the presence of a third qubit.
The contents of the paper are organized as follows: Sec-
tion II introduces the Majorana geometric representation
of pure three-qubit symmetric states and their classifica-
tion into two SLOCC inequivalent families. A conve-
nient parametrization of these two families are also given
here. In Section III, optimal values of CHSH inequali-
ties are evaluated using the two-qubit correllation matri-
ces of both the SLOCC families of pure symmetric three
qubit states. Through suitable schematic diagrams, the
non-violation of CHSH inequality in both the families of
states is illustrated. In Section IV, conditional CHSH-
inequality is set up and its violation for the states under
consideration is illustrated. Section V provides a concise
summary of results.
II. THREE-QUBIT PURE SYMMETRIC
STATES: SLOCC INEQUIVALENT CLASSES
An arbitrary pure three-qubit state is expressed in the
Majorana geometric representation [14, 15], by
|Ψsym〉 = N
∑
P
Pˆ{|α1, β1 〉 ⊗ |α2, β2〉 ⊗ |α3, β3〉} (1)
where,
|αk, βk〉 ≡ cos(βk/2)|0〉+ sin(βk/2)eiαk |1〉, k = 1, 2, 3.
(2)
are the states of the constituent spinors (qubits). Here, Pˆ
corresponds to the set of all permutations of the spinors
and N denotes the normalization factor. |0〉, |1〉 corre-
spond to the standard single qubit states.
2Depending on the number of distinct spinors, there
are two different classes among the set of all symmetric
three-qubit states.
1. Two-distinct spinor class: |α1, β1〉 = |α2, β2〉 6=
|α3, β3〉
2. Three-distinct spinor class: |α1, β1〉 6= |α2, β2〉 6=
|α3, β3〉.
We choose to denote the two-distinct spinor class by
{D3,2} and the three-distinct spinor class by {D3,3}.
These two classes of states are inequivalent under
stochastic local operations and classical communications
(SLOCC). Any arbitrary three-qubit state of the two-
distinct spinor class {D3,2} can be reduced to a simple
form
|Ψ3, 2〉 = N
∑
P
Pˆ{|0〉 ⊗ |0〉 ⊗ |β〉} (3)
where
|β〉 = cos(β/2)|0〉+ sin(β/2)|1〉, (4)
characterized by one real parameter β, 0 < β ≤ pi [15, 16]:
Any three qubit pure symmetric state belonging to the
class of three-distinct spinors {D3,3} is characterized by
three real parameters as can be seen through the follow-
ing representation [16];
|Ψ3,3〉 = N
(|0〉 ⊗ |0〉 ⊗ |0〉+ yei α |β〉 ⊗ |β〉 ⊗ |β〉)
|β〉 = cos(β/2)|0〉+ sin(β/2)|1〉
0 < β ≤ pi, 0 < y ≤ 1, 0 ≤ α ≤ 2pi. (5)
While three-qubit W-state |W3〉 is characterized by two
distinct spinors (hence belonging to {D3,2}), |GHZ3〉 be-
longs to the class {D3,3}, with three distinct spinors char-
acterizing it. The three-qubit state |WW¯3〉, an equal
superposition of |W3〉 and its obverse |W¯3〉 is charac-
terized by three distinct spinors and belongs to {D3,3}.
Each state belonging to the two-distinct spinor class
{D3,2} is uniquely represented by two points on the Bloch
sphere S2 and states belonging to {D3,3} are represented
uniquely by three points.
III. BELL-CHSH NONLOCALITY TESTS FOR
TWO-QUBIT CORRELATIONS IN PURE
SYMMETRIC THREE-QUBIT STATES
In order to examine the nonlocal nature of two-qubit
correlations in pure symmetric three-qubit states, we
make use of Clauser-Horne-Shimony-Holt (CHSH) in-
equality [2], a Bell-type inequality which is necessarily
satisfied by any model satisfying locality criterion. The
CHSH inequality [2] is given by
|〈A1 (B1 +B2)〉|+ |〈A2 (B1 −B2)〉| ≤ 2, (6)
where
〈AiBj〉 =
∑
ai,bj=±1
ai bj p(ai, bj |Ai, Bj), i, j = 1, 2. (7)
Here p(ai, bj |Ai, Bj), i, j = 1, 2, denote the correlation
probabilities evaluated based on the outcomes ai, bj of
the observables Ai, Bj of Alice and Bob respectively.
Optimal value of LHS of the CHSH inequality is given
by
〈BCHSH〉opt = 2
√
t21 + t
2
2 (8)
where t1, t2 are the largest eigenvalues of the correlation
matrix T = (tij) corresponding to the two-qubit reduced
density matrix
ρR =
1
4
[
I2 ⊗ I2 +
∑
i
si (σi ⊗ I2 + I2 ⊗ σi)
+
∑
i
tij(σi ⊗ σj)
]
(9)
of the symmetric state |Ψ(3)sym〉. Here, σi, i = 1, 2, 3 are
the Pauli spin matrices and σ0 = I2 is the 2× 2 identity
matrix. Notice that due to the permutation symmetry of
the state |Ψ(3)sym〉, all three of its two-qubit reduced density
matrices are identical, i.e., ρAB = ρAC = ρBC = ρR.
From Eq. (9), it readily follows that tij =
Tr [(σi ⊗ σj)ρR] and hence the two-qubit correlation ma-
trix T of the state |Ψ(3)sym〉 is obtainable with the knowl-
edge of the reduced density matrix ρR. Two-qubit cor-
rellation matrix T = (tij) can also be determined using
tij =
Tr
(
ρ
(3)
sym(σi ⊗ σj ⊗ σ0)
)
Tr
(
ρ
(3)
sym(σ0 ⊗ σ0 ⊗ σ0)
) , i, j = 1, 2; (10)
with ρ
(3)
sym = |Ψ(3)sym〉〈Ψ(3)sym|. Determination of two-qubit
correlation matrix T , of states belonging to two SLOCC
inequivalent families {D3,2}, {D3,3} is essential in exam-
ining their nonlocal nature–through Bell-inequality tests.
A. Bell-CHSH Nonlocality test for the class of
states in {D3,2}
Here, we explicitly evaluate the correlation matrix T
(See Eq. (10)) for the pure symmetric three-qubit states
belonging to the two-distinct spinor class {D3, 2}. The
general form of the states in {D3, 2} being given by Eq.
(3), we make use of Eq. (10) to obtain
T =
1
3(2 + cosβ)

 1− cosβ 0 3 sinβ0 1− cosβ 0
3 sinβ 0 4 + 5 cosβ


(11)
3and its eigenvalues are given by
t1 =
5 + 4 cosβ + 3
√
5 + 4 cosβ
6(2 + cosβ)
t2 =
1− cosβ
3(1 + cosβ)
(12)
t3 =
5 + 4 cosβ − 3√5 + 4 cosβ
6(2 + cosβ)
;
In order to ascertain which two of the eigenvalues of T
are highest, we have plotted the eigenvalues t1, t2, t3, as
a function of β in Fig. 1.
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FIG. 1: Eigenvalues of the correlation matrix T , of states
belonging to {D3,2}, as a function of β
It can be readily seen that, in the whole range of β, t1
and t2 are the largest eigenvalues of T . As 〈BCHSH〉opt =
2
√
t21 + t
2
2 (See Eq. (8)), a plot of 〈BCHSH〉opt versus
β helps us to examine whether the states belonging to
{D3,2} obey the CHSH inequality.
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FIG. 2: Plot of 〈BCHSH〉opt versus β for the pure symmetric
three-qubit states belonging to the two-distinct spinor class
{D3,2}
Fig.2 shows that 〈BCHSH〉opt ≤ 2 for all values of
β ∈ (0, pi) thus implying that all the states in the fam-
ily {D3,2} obey CHSH-inequality and hence are local . In
other words, pure symmetric three-qubit states belong-
ing to the two-distinct spinor class {D3,2} do not exhibit
nonlocal features of their two-qubit correlations, when
subjected to the Bell-CHSH inequality test.
B. Bell-CHSH Nonlocality test for the class of
states in {D3,3}
Here we examine whether the three-qubit pure sym-
metric states belonging to the three-distinct spinor class
{D3,3} obey CHSH inequality. Towards this end, we pro-
ceed to evaluate 〈BCHSH〉opt = 2
√
t21 + t
2
2 using the high-
est eigenvalues t1, t2 of the correlation matrix T of the
states |Ψ3, 3〉 (See Eq. (5)).
The state |Ψ3, 3〉 has three independent parameters 0 <
β ≤ pi, 0 < y ≤ 1, 0 ≤ α ≤ 2pi and we have listed below
the highest eigenvalues of T for two specific sets of these
parameters.
(a) β = pi/2, α = pi
t1 =
1−√2y + y2 +
√
1 + y4
2−√2y + 2y2 , t2 =
y√
2(1 + y2)− y
(13)
(b) β = pi/3, α = 0
t1, 2 =
2(1 +
√
3y + y2 ±
√
1 +
√
3y + 2y2 +
√
3y3 + y4)
4 + 3
√
3y + 4y2
(14)
Graphs of 〈BCHSH〉opt versus the parameter y, in case (a)
and case (b) are as shown in Figs 3 and 4.
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FIG. 3: Plot of 〈BCHSH〉opt versus y for the pure symmetric
three-qubit states belonging to the two-distinct spinor class
{D3,3} when β = pi/2 and α = pi
It is readily seen that in both cases, case(a) and case
(b), the states belonging to {D3,3}, i.e., the pure symmet-
ric three qubit states belonging to three-distinct spinor
class obey the CHSH inequality 〈BCHSH〉opt ≤ 2. This
behaviour of states belonging to {D3,3}, can be thought
of as illustrative of entire class {D3,3}.
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FIG. 4: Plot of 〈BCHSH〉opt versus y for the pure symmetric
three-qubit states belonging to the two-distinct spinor class
{D3,3} when β = pi/3 and α = 0
While the set of all states in the two-distinct spinor
class {D3,3} obey CHSH inequality and hence are CHSH-
local , a sub-class of states in the three-distinct spinor
class are shown to be CHSH-local . The nonlocal feature
of two-qubit correlations in the entangled states belong-
ing to the set of all permutation symmetric pure three
qubit states is thus not revealed by the Bell-CHSH in-
equality test. This prompts us to examine whether Con-
ditional Bell-CHSH Nonlocality test [3] serves the pur-
pose of identifying nonlocality in pure symmetric three
qubit states.
IV. CONDITIONAL BELL-CHSH
NONLOCALITY TESTS FOR THE CLASS OF
STATES IN {D3,2}, {D3,3}
Conditional Bell inequalities are the Bell inequalities
formulated using measurement statistics of Ai, Bj (i, j =
1, 2) respectively of Alice and Bob, when conditioned on
the outcomes of a measurement Pc on Charlie, the third
qubit of a three-qubit state.
The conditional CHSH inequalities are given by∣∣∣∣∣
∑
c=±1
p(c) [〈A1 (B1 +B2)〉c + 〈A2(B1 −B2)〉c]
∣∣∣∣∣ ≤ 2
(15)
where
〈AiBj〉c = p(c)
∑
ai,bj=±1
ai bj p(ai, bj|Ai, Bj , C). (16)
Here,
p(ai, bj|Ai, Bj , C) = p(ai, bj, c|Ai, Bj , C)
p(c|C) (17)
denoting the conditional probabilities obtained, when Al-
ice and Bob respectively measure the observables Ai, Bj ,
i, j = 1, 2, conditioned on the outcomes c = ±1, of Char-
lie.
Optimal value of the conditioned CHSH inequality
(Left hand side of Eq. (15)) is given by
〈BcCHSH〉opt = 2
∑
c=±1
p(c)
[√
tc1
2 + tc2
2
]
(18)
with tc1, t
c
2 being the highest eigenvalues of the condi-
tioned two-qubit correlation matrix T c whose elements
are given by
tcij =
Tr
[
ρ
(3)
sym (σi ⊗ σj ⊗ Pc)
]
Tr
[
ρ
(3)
sym (σ0 ⊗ σ0 ⊗ Pc)
] , i, j = 1, 2, 3; (19)
Here, the most general measurement operator on the
third qubit, that of Charlie, with outcomes c = ±1 is
given by
Pc(θ, φ) = I2 + c (sin θ cosφσ1 + sin θ sinφσ2 + cos θ σ3) ,
0 ≤ θ ≤ pi, 0 ≤ 2pi; (20)
and
p(c) = Tr
[
ρ(3)sym (σ0 ⊗ σ0 ⊗ Pc)
]
(21)
is the probability of obtaining Charlie’s result c = ±1 on
measurement of Pc (when no measurements are done on
Alice and Bob). In the following, we proceed to evaluate
〈BcCHSH〉opt (See Eq. (??)) for the two-distinct spinor
class and three-distinct spinor class comprising the entire
family of pure symmetric three qubit states.
For the states |Ψ3,2〉 (See Eq. (3)) belonging to
the two-distinct spinor class {D3,2}, we explicitly eval-
uate the conditioned two-qubit correlation matrix T c
using Eq. (19). On identifying the highest eigen-
values tc1, t
c
2 of T
c and the corresponding probabili-
ties p(c) (See Eq. (21)), we arrive at 〈BcCHSH〉opt =
2
∑
c=±1 p(c)
(√
tc1
2 + tc2
2
)
as a function of β (the pa-
rameter characterizing the state |Ψ3,2〉), θ, φ (the param-
eters characterizing the measurement operator Pc (See
Eq. (20)) on the third qubit, that of Charlie). A plot
showing the variation of 〈BcCHSH〉opt with respect to the
parameters β, θ, φ is given in Fig. 5. It can be read-
ily seen that all states (0 ≤ β < pi) in the two-distinct
spinor class {D3,2} violate the conditional CHSH inequal-
ity 〈BcCHSH〉opt ≤ 2, for all choices of the measurement
operator Pc(θ, φ). The conditional CHSH inequality is
thus successful in identifying nonlocal two-qubit correla-
tions in the set of all permutation symmetric three-qubit
states characterized by two-distinct spinors.
For the states |Ψ3, 3〉 (See Eq. (5)) belonging
to the three-distinct spinor class {D3,3}, we evalu-
ate 〈BcCHSH〉opt = 2
∑
c=±1 p(c)
(√
tc1
2 + tc2
2
)
. The
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FIG. 5: Contour plot of 〈BcCHSH〉opt versus the parameters
β (characterizing the state belonging to {D3,2} (See Eq. 3))
and the parameters θ, φ of the measurement operator Pc (See
Eq. (20))
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FIG. 6: Contour Plot of 〈BcCHSH〉opt versus the parameter β,
α (characterizing the |Ψ3,3〉 in Eq. (5) ) belonging to {D3,3})
and the parameter θ of the measurement operator Pc (See Eq.
(20)), when y = 1, φ = 0
following contour plot (See Fig.6) show the varia-
tion of 〈BcCHSH〉opt for a chosen set of parameters in{y, α, β; θ, φ}.
It is evident from Fig. 6 that the conditional CHSH
inequalities are violated by a class of states |Ψ3, 3〉 with
y = 1 for chosen measurement operator Pc(θ, φ) with φ =
0. The sub-class of states |Ψ3,3〉 violating Conditional
CHSH inequality may be considered as an illustrative
example indicating this feature in the entire class of states
belonging to the three-distinct spinor class {D3,3}.
From Fig. 5, we notice that 〈BcCHSH〉opt varies from 2
to about 2.5 for the states |Ψ3, 2〉 belonging to the two-
distinct spinor class. For the states |Ψ3, 3〉, Fig. 6 shows
that the maximum value of 〈BcCHSH〉opt is 2.8 ≈ 2
√
2,
the upper bound on CHSH-inequality for nonlocal two-
qubit correlations. The range of variation (2, 2.5) and
(2, 2
√
2) of 〈BcCHSH〉opt, respectively for states belong-
ing to two-distinct spinor class {D3,2} and three-distinct
spinor class {D3,3}, can be used to identify the number
of distinct spinors in the set of all pure symmetric three
qubit states, in an experimental conditioned Bell-CHSH
inequality test.
The violation of conditional CHSH inequalities by
states belonging to the class {D3,2} (two-distinct spinor-
class) and {D3,3} (three-distinct spinor class) illustrates
that the two-qubit correlations in pure symmetric three
qubit states are indeed nonlocal (in complete contrast
with the result obtained in the Bell-CHSH inequality
test). The supremacy of conditional Bell-CHSH inequal-
ity tests to identify the nonlocal two-qubit correlations
in pure symmetric three-qubit states, over the use of tra-
ditional CHSH inequality, is thus evident here.
V. CONCLUSIONS
Different forms of Bell inequalities have been proposed
for studying nonlocality of permutation symmetric mul-
tiqubit states [12, 13]. In this work, we have focused
on the CHSH and the conditional CHSH inequalities [3]
to investigate nonlocal features of pure three qubit sym-
metric states, which possess elegant parametrization in
terms of Majorana geometric representation. Our ex-
plicit evaluations reveal that two-qubit correlations in a
pure three qubit symmetric state (shared by Alice, Bob
and Charlie) do not violate CHSH inequality. However,
when conditioned on the outcome of Charlie, pure sym-
metric three qubit states violate the conditional CHSH
inequality hence revealing the nonlocal nature of corre-
lations between Alice and Bob. The conditional CHSH
inequality test is thus shown to be superior to its non-
conditioned form, in identifying the nonlocal two-qubit
correlations in the permutation symmetric three-qubit
states. We have also observed that the maximum value of
〈BcCHSH〉opt (the optimum value of left hand side of con-
ditioned CHSH inequality) is indicative of the number of
distinct spinors in the pure symmetric three-qubit states
under consideration. Such an identification helps in iden-
tifying the SLOCC inequivalent class to which a pure
symmetric three-qubit state belongs, through an experi-
mental Bell-inequality test, conditioned on the results of
measurement on third qubit. The motivation behind this
work is hoped to lead to more intricate explorations in
identifying nonlocality, an immensely helpful resource in
6quantum information processing tasks.
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